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??????Multiple Factor Analysis??MFA ???????? PCA Principal Component Analysis ??
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MFA ???????????????????????????????????????????
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? package ????????????????????????????2???MFA ???????
????3????????? R ?????4? FactoMineR ????????????5??????
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2??????????
?????????????????????n?p ????????????? p ? numerical vari-
ables ??categorical variables ???????????????????? PCA ???????????
? MCA ??????????????? MFA ??????????????????2??????
????????????????????
a?MFA ? PCA ????????????????????????????????
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???????????????????????????????????????????????
???????????????????????????????????????????????
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decomposition ?? 1??? α 1?????1????????????????????????????
??????????
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????? MFA ????????? PCA?weighted PCA???????????????????
??????????????????????????????????????????????
????????? 1?????????????????????????????????????
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????? MFA ???????????????????? Generalized singular value decomposition
?GSVD?2? ????????????
GSVD ????
b?????? Singular value decomposition?SVD???????????
X?UΛVT UTU?VTV?I ??????
????P?M−1/2U Q?W−1/2V ???????
X?PΔQT PTMP?QTWQ?I ???????
? ? ?
X?M1/2XW1/2 X?M−1/2XW1/2???????M ? W ?????????????????
???GSVD ? SVD ???????????????
GSVD ???
P?M−1/2U ??? Q?W−1/2V ???????
????M ?????? X ? row ????????row????? m ?????
M?diag?1/m,???,1/m?????W ?????????????
W?diag?α??diag?α 1?α 2?????α J?
????? GSVD ???????
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????
?????????????????????????????????????????????????????
????????????????? X ?? 1??? λ 1?????λ 1?α 12?????????
??SVD ? GSVD ?????????5??????
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?
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?
?
?
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?? Excel ???????????????
?Y1??read.table??clipboard??header?TRUE,row.names?1? #Excel ?? Expert1???????
?Y2??read.table??clipboard??header?TRUE,row.names?1? #Expert2???????
?Y3??read.table??clipboard??header?TRUE,row.names?1? #Expert3???????
?n??nrow?Y1? #n ????????
?sd??apply?Y1,2,sd?
?sdp??sqrt??n−1??n?*sd #sdp ??????
?XX1??scale?Y1,apply?Y1,2,mean??sdp?
?X1???1/sqrt?n??*XX1 #Y1???????????
?n??nrow?Y2?
?sd??apply?Y2,2,sd?
?sdp??sqrt??n−1??n?*sd
?XX2??scale?Y2,apply?Y2,2,mean??sdp?
?X2???1/sqrt?n??*XX2 #Y2???????????
?n??nrow?Y3?
?sd??apply?Y3,2,sd?
?sdp??sqrt??n−1??n?*sd
?XX3??scale?Y3,apply?Y3,2,mean??sdp?
?X3???1/sqrt?n??*XX3 #Y3???????????
?Z1??X1/svd?X1?$d?1? #X1??????????????
?Z2??X2/svd?X2?$d?1? #X2??????????????
?Z3??X3/svd?X3?$d?1? #X3??????????????
?Z??cbind?Z1,Z2,Z3? #???????????????
?Z #???????????????????????????????
?? X ? α?1/
 
λ????????????
???Z??Z1, Z2, Z3??UΔVT ?? Singular Value Decomposition ?????UTU?VTV?I ?????
??GSVD ???? Z ??????Z?PΔQT ??????????P?M−1/2U ??Q?W−1/2V ?????
???PTMP?QTWQ?I ????????
????????????M ? W ???????M ? W ? row ? column ???????????
fruity woody coffe redfruit roasted vanillin
wine1
wine2
wine3
wine4
wine5
wine6
−0.3350906
0.1116969
0.2233938
0.3350906
−0.2233938
−0.1116969
0.34123959
−0.04265495
−0.29858464
−0.29858464
0.21327474
0.08530990
0.44864525
−0.16314373
−0.28550153
−0.16314373
0.08157186
0.08157186
−0.2616731
0.0000000
0.1308366
0.3925097
−0.1308366
−0.1308366
0.18550466
0.02650067
−0.29150733
−0.29150733
0.18550466
0.18550466
0.29845661
0.01570824
−0.26704013
−0.26704013
0.20420715
0.01570824
woody fruity buttery woody
wine1
wine2
wine3
wine4
wine5
wine6
0.2821694
−0.1693016
−0.2821694
−0.1693016
0.1693016
0.1693016
−0.02214601
0.11073004
0.50935818
−0.15502206
−0.15502206
−0.28789810
0.19538868
−0.03907774
−0.39077736
−0.27354415
0.19538868
0.31262189
0.359976
−0.119992
−0.359976
−0.239984
0.239984
0.119992
? ?? ? ? ? ? ? ? ? ?118?
?????????????? 1/n ??????
?n??nrow?Z? #????n?6?
?M??c?rep?1/n,n??
?M
?1?0.1666667 0.1666667 0.1666667 0.1666667 0.1666667 0.1666667
Z?PΔQT ?????F?PΔ ?????Z?FQT ??P?M−1/2U ??????F?M−1/2UΔ ???????
???
?P??diag?1/sqrt?M??%*% svd?Z?$u
?F??diag?1/sqrt?M??%*% svd?Z?$u %*% diag?svd?Z?$d?
?F #????? score
???individual ???????loadings ??????????????????????W ????
????????????????????? inertia ??????????????????
col.w??apply?Zˆ2,2,sum?
W??col.w
?W
???ZT?QΔPT ????G?QΔ ????
Q??diag?1/sqrt?W??%*% svd?Z?$v
Q
?,1?
dim.1
?,2?
dim.2
?,3?
dim.3
wine1
wine2
wine3
wine4
wine5
wine6
2.1721551
−0.5570173
−2.3176633
−1.8325573
1.4037873
1.1312955
−0.50859564
−0.19740840
−0.83025948
0.90504558
0.05497671
0.57624123
−0.484354015
0.410158063
0.006244002
−0.398982615
0.130753278
0.336181286
fruity woody coffe redfruit roasted vanillin woody fruity buttery woody
0.3493334 0.3493334 0.3493334 0.2738913 0.273891 0.2738913 0.273891 0.4031463 0.4031463 0.4031463
Dim.1 Dim.2 Dim.3
?1,?
?2,?
?3,?
?4,?
?5,?
?6,?
?7,?
?8,?
?9,?
?10,?
−0.57549
0.5848
0.544055
−0.52906
0.569142
0.564734
0.578049
−0.35146
0.562751
0.588693
0.366843
−0.245
−0.10664
0.649466
−0.00937
−0.33792
0.170123
−1.34811
0.317298
0.008324
0.05422
−0.05355
−1.09463
−0.60951
0.825803
−0.0085
−0.41431
0.022959
0.706054
−0.32523
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G??diag?1/sqrt?W??%*%svd?Z?$v%*%diag?svd?Z?$d?
G #individuals ? loading
????Z??Z1, Z2, Z3??PΔQT?Q??Q1, Q2, Q3??????Z??PΔQ1T, PΔQ2T, PΔQ3T?????
Z?PΔQT ??????Z?WQ?PΔQWQ?PΔ?F
????F?ZWQ??Z1, Z2, Z3?WQ QT??Q1, Q2, Q3?T ?????
Fk?ΣZkWkQk?Σα kZkQk
??????GK?k?1?????10??Fk?k?1?????6???????
b??? contingency tables ?????
???????????????????1?p.337????????????????
???????????? 2?? data table A, B ?????
Table A, B ????????????? table C ??????
?2??????ICA ???????
??????????MFA ???????
Table C ???????row.m??apply?C,1,sum???0.4,0.3,0.3????col.m??apply?C,2,sum??
?0.05,0.225,0.225,0.35,0.075,0.075?????????ICA ???????????
Dim.1 Dim.2 Dim.3
?1,?
?2,?
?3,?
?4,?
?5,?
?6,?
?7,?
?8,?
?9,?
?10,?
−0.96894
0.98462
0.916019
−0.89077
0.958257
0.950835
0.973254
−0.59174
0.947497
0.991174
0.219143
−0.14636
−0.0637
0.387976
−0.0056
−0.20186
0.101627
−0.80533
0.189546
0.004973
0.018416
−0.01819
−0.37179
−0.20702
0.280483
−0.00289
−0.14072
0.007798
0.239811
−0.11046
table A A1 A2 A3 ? table B B1 B2 B3 ?
R1
R2
R3
10
0
0
0
42
3
0
3
42
10
45
45
R1
R2
R3
58
6
6
6
7
2
6
2
7
70
15
15
? 10 45 45 100 ? 70 15 15 100
table C A1 A2 A3 ?? B1 B2 B3 ?? ?
R1
R2
R3
0.05
0
0
0
0.21
0.015
0
0.015
0.21
0.05
0.225
0.225
0.29
0.03
0.03
0.03
0.035
0.01
0.03
0.01
0.035
0.35
0.075
0.075
0.4
0.3
0.3
? 0.05 0.225 0.225 0.5 0.35 0.075 0.075 0.5 1
C A1 A2 A3 B1 B2 B3
R1
R2
R3
2.25
−1.50
−1.50
−0.25
1.61
−1.28
−0.25
−1.28
1.61
0.32
−0.21
−0.21
−0.75
1.06
−0.06
−0.75
−0.06
1.06
? ?? ? ? ? ? ? ? ? ?118?
row.w??0.4,0.3,0.3??row.m????
col.w??col.m*rep?svd?A?$d?1?ˆ 1/2??3??svd?B?$d?1?ˆ 1/2??3??????
row.w,col.w ?????
?svd.triplet 5? C,row.w,col.w?
????????????
4?R ? Package ????
??????????R ? Package ?????????????????FactoMineR ? MFA ????
??????FactoMineR ?????????
MFA ????????? package ? manual ?????????????3??????wine ???
????MFA ????????wine ???????
?res.mfa??MFA?wine,group?c?3,4,3??type?c?rep??s??3???
name.group?c??Exp1???Exp2???Exp3???graph?FALSE?6?
?res.mfa ?? program ???????????????
wine ????????????Exp1, Exp2, Exp3???????3, 4, 3????????????? type
??s?????????????????????????MFA ?????????? type ????
??????????????????? separate analysis ?????c???????????????s?
?????????????PCA ????separate analysis ????n?????MCA ???f????CA
????????????????????????PCA ??global analysis ????????global.pca
?????????????? group ???????????????? global.pca$call$X ??????
?????????????????????????????????????? GSVD ??????
?????????????????????????
FacoMineR ????? svd.triplet?data,row.w,col.w??????GSVD ???????wine ?????
??????????? 1???????????? Z ????????
?col.w??apply?Zˆ2,2,sum??res.mfa$global.pca$call$col.w
?row.w?rep?1/6,10???????
$call$row.w
?1?0.1666667 0.1666667 0.1666667 0.1666667 0.1666667 0.1666667
?svd.triplet?X,row.w,col.w?
$vs
?1?0.40119363 0.14987622 0.08042432 0.04115212 0.02665631
?????????????????????????????????????????????????????
??svd.trplet? ?? FactoMineR ???????
??MFA ???????????graph?FALSE ???????????????????????????
col.w
fruity woody coffe redfruit roasted vanillin woody fruity buttery woody
0.349 0.3493 0.349 0.2739 0.2739 0.2739 0.274 0.4031 0.403 0.4031
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????????? MFA ??????group ???????????
?res.mfa??MFA?wine.data,group?c?3,4,3??type?rep??s??3??
?name.group?c??Exp1???Exp2???Exp3???
?res.mfa.group
???????Group j ????Lg?ν1, Kj??Lg?ν2, Kj??????νi ??? i dimension ???????
??? K ??????7?
0??Lg?ν1, Kj?? 1λ 1j
 
k?Kj cov
2?x.k, ν1??1
????2?? group ????????????????????????
Group Kk ? KJ ??????????
Lg?Kk, KJ??
Kj 
k?1
?λ ik?2
?λ ij?2
?1?
Kj 
k?2
?λ jk?2
?λ j1?2
?????????????????????????????????????????????????????
?????3?????
?Lg ?? s??????????? Lg ????2?????????????????????????1?
??????????? 2???????????????Lg ????????
?RV ????????????? RV ????Lg ?????????? 1????????RV ??????
0?? 1????????
$U
?,1? ?,2? ?,3? ?,4? ?,5?
?1,?
?2,?
?3,?
?4,?
?5,?
?6,?
1.2711212
−0.3474389
−1.4140072
−1.0405481
0.8346984
0.6961746
0.92660892
0.27016560
1.35740149
−1.51086811
−0.07505598
−0.96825192
1.39800724
−1.16988274
−0.08173772
1.23474813
−0.38081000
−1.00032490
−0.1796929
1.1939568
−0.8336602
0.3231376
1.0927284
−1.5964696
0.73412066
1.41849863
−0.67555479
0.07427285
−1.72005048
0.16871312
$V
?,1? ?,2? ?,3? ?,4? ?,5?
?1,?
?2,?
?3,?
?4,?
?5,?
?6,?
?7,?
?8,?
?9,?
?10,?
−0.5789116
0.5894411
0.5505659
−0.4679126
0.5093536
0.5029860
0.5200434
−0.3968883
0.6147770
0.6405205
−0.39860258
0.28010393
0.16178546
−0.57981005
0.03363665
0.32386906
−0.09801115
1.36269052
−0.29360121
0.04547837
−0.014164039
0.033428395
1.092748677
0.598571670
−0.754298673
−0.005201197
0.357952471
−0.096411175
−0.775211483
0.342579147
0.2018224
0.5550319
−0.5313725
0.5292962
0.2174109
1.2130589
−0.6382870
−0.1956772
−0.5263743
0.3453576
0.94925706
0.10684259
0.95130635
−0.30238278
0.38309721
0.33359998
−0.73531895
0.02046325
0.30228485
−0.45720154
?res.mfa$group$Lg
EXp1 Exp2 Exp3 MFA
EXp1
Exp2
Exp3
MFA
1.0017902
0.9517525
0.7822593
0.9650774
0.9517525
1.0037355
0.8359190
0.9846926
0.7822593
0.8359190
1.0326333
0.9350963
0.9650774
0.9846926
0.9350963
1.017661
? ?? ? ? ? ? ? ? ? ?118?
????????????????????????????????????????????
??????????? RV ?????????MFA ??????????? contribution ?????
???????
res.mfa$group$RV, res.mfa$group$contrib
?????????????????????????? 1?????????????????Exp
3? dim2??????????????
? 1? ???????
?plot?res.mfa,choix??group??
?res.mfa$group$coord?,1 : 2?
Dim.1 Dim.2
EXp1
Exp2
Exp3
0.9597660
0.9758837
0.8991509
0.02567692
0.05522578
0.27595635
? 2? ???????
?plot?res.mfa,choix??var??hab??group??
March 2014 ? ?? ?
MFA ?????? wine ???????
? 3? ??????
?plot?res.mfa,choix??ind??habillage??group?
?plot?res.mfa,choix??ind??
?res.mfa$ind$coord?,1 : 2?
Dim.1 Dim.2
wine1
wine2
wine3
wine4
wine5
wine6
2.1721551
−0.5570173
−2.3176633
−1.8325573
1.4037873
1.1312955
0.50859564
0.19740840
0.83025948
−0.90504558
−0.05497671
−0.57624123
? 4? Group ????????????
?plot?res.mfa,choix??var??hab??group??
? ?? ? ? ? ? ? ? ? ?118?
5?????
a???????????? MFA ???????????????????? 24??25??????
??????????????????????????????????????MFA ??????
? 24??? 25??????????????????????? 6????? 3??????????
???????????????????????????????????????????????
???
? 5? ????????????
?plot?res.mfa,choix??ind??partial??all??habillage??group??
?res.mfa$ind$coord.partiel?,1 : 2?
Dim.1 Dim.2 Dim.1 Dim.2
wine1.EXp1
wine1.Exp2
wine1.Exp3
wine2.EXp1
wine2.Exp2
wine2.Exp3
wine3.EXp1
wine3.Exp2
wine3.Exp3
2.7644318
2.2139276
1.5381060
−0.7730339
−0.2842466
−0.6137713
−1.9913978
−2.1115082
−2.8500839
1.1048125
0.8635191
−0.4425446
−0.2989190
0.1321352
0.7590090
−0.8058935
−0.4997180
3.7963899
wine4.EXp1
wine4.Exp2
wine4.Exp3
wine5.EXp1
wine5.Exp2
wine5.Exp3
wine6.EXp1
wine6.Exp2
wine6.Exp3
−1.9814561
−2.3930095
−1.1232063
1.2928336
1.4921140
1.4264142
0.6886225
1.0827227
1.6225413
−0.9271871
−1.2271463
−0.5608033
0.6206606
0.4880883
−1.2736790
0.3065265
0.2431217
−2.2783719
?res.mfa$global.pca$var$cor?,1 : 2?
Dim.1 Dim.2
fruity
woody
coffe
red.fruit
roasted
vanillin
woody.1
fruity.1
butter
woody.2
−0.9689447
0.9846203
0.9160188
−0.8907682
0.9582567
0.9508348
0.9732536
−0.5917422
0.9474965
0.9911738
−0.219143241
0.146357563
0.063704928
−0.387975758
0.005595672
0.201864717
−0.101627307
0.805328580
−0.189546290
−0.004972744
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??????????? seiseki ???group ???24???25?????
?res.mfa??MFA?seiseki,group−c?8,8??type?c??s???s???
name.group?c??24???25???
????????????????
????24??? 25?????????????
?plot?res.mfa,choix??group??
?res.mfa$group #?????????
$Lg
24 25 MFA
24
25
MFA
1.0424332
0.9635577
1.0227615
0.9635577
1.0592228
1.0313217
1.022761
1.031322
1.047281
$RV
24 25 MFA
24
25
MFA
1.0000000
0.9169802
0.9788554
0.9169802
1.0000000
0.9791941
0.9788554
0.9791941
1.0000000
$coord
Dim.1 Dim.2
24
25
0.9808249
0.9805229
0.1747955
0.2108039
$contrib
Dim.1 Dim.2
24
25
50.0077
49.9923
45.33086
54.66914
24? ?? 6?? ?? 3??
?? A ?? B ?? A ?? B ?? A.1 ?? B.1 ?? A.1 ?? B.1
???
? ??
?
? ?
79.0
84.7?
?
77.0
53.5
58.7?
?
51.7
69.6
77.4?
?
66.5
55.8
61.4?
?
52.9
74.2
76.0?
?
67.6
63.1
65.5?
?
56.9
60.8
62.4?
?
50.8
48.1
48.9?
?
38.4
25? ?? 6?? ?? 3??
?? A.2 ?? B.2 ?? A.2 ?? B.2 ?? A.3 ?? B.3 ?? A.3 ?? B.3
???
? ??
?
? ?
60.4
68.7?
?
58.3
46.4
52.9?
?
45.5
74.9
80.7?
?
73.3
54.0
60.5?
?
54.4
76.0
78.8?
?
69.2
66.2
67.7?
?
62.4
62.3
65.0?
?
53.2
39.1
42.4?
?
29.8
? ?? ? ? ? ? ? ? ? ?118?
?? 1?2????????????1??????????2?????????????
???????? 4????????????????????a?24?b?25????
?res.mfa??MFA?SEISEKI,group?c?4,4,4,4??type?rep??s??4??
? name.group?c??? 6 a???? 3 a???? 6 b???? 3 b???
??????????????
March 2014 ? ?? ?
????????????????????????????????
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Exploratory Multivariate Statistical Data Analysis
??Multiple Factor Analysis??
ABSTRACT
Multiple factor analysis deals with a multiple table, composed of quantitative or
categorical variables balancing the influence of the different sets on the first principal
axes. Recently MFA function has been extended to the contingency tables.
I explain this analysis using R and package FactoMineR, and demonstrate some
Japanese applications.
Key Words: Multiple factor analysis, R, FactoMineR
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